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Abstract
A kinetic model for a granular gas of particles inelastically scattering between themselves, and interacting simultaneously
with a given background medium by conservative binary encounters is analysed in the collision dominated regime (small elastic
mean free path). For the hard sphere collision model, the problem of a consistent derivation of macroscopic equations for the
fundamental observables (density, mass velocity, and granular temperature) is addressed, for varying mass ratio and inelasticity
parameter. Closure is achieved by approximating the distribution function in the appropriate weak forms of the kinetic equation by
two suitable expansions around the equilibrium of the dominant operator, one of Grad’s type, the other of local Maxwellian type.
In the hydrodynamic limit when the mean free path tends to zero, the same drift–diffusion equation at the Navier–Stokes level is
recovered in the two cases for the only hydrodynamic variable of the physical problem.
c© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction
The great scientific interest attracted nowadays by granular media is witnessed by the impressive and increasing
pertinent literature (see for instance [1–4], and references therein, just to mention a few among the most recent
outputs). There are regimes in which granular flows are appropriately described by a kinetic approach, which allows a
deeper understanding of the relevant phenomena, and a mathematically consistent derivation of macroscopic equations
for the physical observables via suitable closure techniques. Significant attention has been devoted to such approaches,
based on inelastic Boltzmann-like equations, by the mathematical and physical communities in recent years [5–9],
focussed mainly on nonlinear problems for a single granular material whose particles collide among themselves with
energy dissipation.
Very important for practical applications are also linear kinetic equations for dissipative interactions of dilute
granular matter with a given much denser background. These integro-differential equations for the one-particle
distribution function are indeed the proper tool of investigation for the diffusion of fine polluting powders in a medium
(like air), but turn out to be less considered in the literature. Due to momentum and energy exchange with the host
medium, a standard collision equilibrium is possible, and it is reasonable to expect its stability. In a series of recent
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papers [10–12], for a wide class of collision models including the most realistic case of hard sphere encounters,
it has been shown that, remarkably enough, collision equilibria keep the same Gaussian shape of the elastic case,
at the same drift of the host medium, and with a granular temperature which is intermediate between zero and the
background temperature, as a balance of the competing effects of energy dissipation by inelasticity and of energy
exchange with the field particles. At the same time, significant mathematical results on the problem and on existence
of solutions have been achieved [13]. Moreover, the fundamental problem of deriving consistently, from the kinetic
level, a closed macroscopic description for the most relevant physical fields in collision dominated regimes has also
been addressed [14,15]. This goal has been achieved in terms of suitable expansions, leading to the closure of the
pertinent moment equations, obtained as weak forms of the governing kinetic equations. In the asymptotic limit when
the appropriate Knudsen number tends to zero, the single hydrodynamic equation at the Navier–Stokes level has been
achieved by a Chapman–Enskog procedure. In fact, a peculiar feature of the linear Boltzmann equation, elastic as
well as inelastic, is that there exists only one collision invariant, and consequently only one hydrodynamic variable
(number density), at variance with the nonlinear problem of a single gas, in which collision contributions vanish also
for momentum and energy in the elastic case, and hydrodynamic equations involve typically five scalar elastically
conserved quantities.
The present paper is aimed at putting together in some sense the linear and nonlinear frameworks mentioned
above. More precisely, we shall consider a dilute granular gas diffusing in a much denser background of field particles
in thermodynamical equilibrium at density nB , drift velocity uB and temperature T B . Granular particles undergo
binary mechanical encounters both with field particles and between themselves, and are modelled as hard-sphere-
like point masses of mass m and diameter d . The same applies to background particles, labelled by a superscript
B. Among the most common simplified collision models this is probably the most realistic, because inter-particle
forces at distance are irrelevant. The so-called pseudo–Maxwellian collision kernel [7], which resembles most of the
simplifying properties of the Maxwellian molecules of gas dynamics [16], would allow a much easier and deeper
analytical treatment, but will not be considered here. Implicit in our assumptions is the fact that the background is
not affected by the process and simply obeys self-consistent Euler equations (or is homogeneous and stationary, as
a particular case), as well as the fact that collisions with field particles are much more frequent than collisions with
other test particles, so that the linear collision operator plays a dominant role in the evolution with respect to the
nonlinear one. To our knowledge, this problem is new in the literature and no results are available for it. The main
physical effects that we want to account for and quantitatively describe are exchange of momentum and energy of the
granular gas with the background, and dissipation of energy due to inelasticity, that would lead granular temperature to
zero in the absence of the provided thermal bath. In order to avoid further purely formal difficulties, we shall assume
additionally that collisions of a granular particle with the background are elastic, whereas the nonlinear collision
integral is inelastic, with a constant restitution coefficient e, 0 < e < 1. The essential ingredients of the recipe are
kept, and inserting another restitution coefficient for the linear part would only be a matter of some technicality.
Again, mass is the only collision invariant, but now, contrary to [14], the dominant operator driving the process in the
collision dominated regime is linear and elastic, and pushes the granular distribution function towards a Maxwellian
equilibrium whose parameters (drift velocity and temperature) coincide with those of the background. This means
that, in the bulk region outside boundary and initial layers, it makes sense studying the slow evolution of the gas by
approximating the actual distribution function f by some perturbation of the above elastic equilibrium. If attention is
focussed on the classical fundamental moments (density n, mass velocity u, and granular temperature T ), this leads to
a five field closure of the moment equations [17], still containing of course collision contributions, as well as the small
parameter ε (Knudsen number) labelling the dominance of the linear collision operator. An asymptotic analysis for
ε → 0 will lead eventually to a hydrodynamic description in terms of the unique conserved quantity (the density n),
either at the Euler or at the Navier–Stokes level, according to whether terms up to order O(ε0) or up to order O(ε1)
are retained. The limiting equation turns out to be of purely convective or of convective–diffusive type, respectively,
like in [14]. Contrary to the analysis developed in [11,12,14] for a single linear inelastic collision term, the additional
difficulties due to the simultaneous presence of two different collision integrals makes it impossible to determine
analytically collision equilibria, and even to express equilibrium temperature in closed form. In our physical frame,
the latter is clearly an O(ε) perturbation of the background temperature T B (smaller than T B , of course) for which
the leading order corrections are evaluated.
The article is organized as follows. The governing kinetic Boltzmann-like equation and its main features are
presented and discussed in Section 2, including its weak form and the non-closed set of exact moment equations for
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transport of mass, momentum, and energy. The Knudsen number appears spontaneously upon adimensionalization.
Then, two approximations of the distribution function, valid for small Knudsen number, are used in order to close the
above macroscopic equations, and the relevant results are compared and discussed. Both approximations share with the
actual distribution function the same values of the fundamental moments n, u, T , and in both cases a Chapman–Enskog
algorithm is applied in order to achieve the hydrodynamic limit for ε → 0. More precisely, Section 3 is devoted
to a polynomial expansion around the elastic equilibrium, of the Grad type [18], whereas Section 4 resorts to an
assumption of local thermodynamical equilibrium, replacing the distribution function, where needed, by the local
Maxwellian. Consistently with our physical frame, hydrodynamic equations in the two approaches coincide up to the
Navier–Stokes level. Also equilibrium temperatures are equal up to O(ε), whereas a slight difference appears in the
O(ε2) corrections. Which of the two approximate closures gives the best approximation of the kinetic description
is a question that requires an extensive comparison with accurate numerical solutions of the original Boltzmann-like
equation, and is left to future investigation.
2. Inelastic Boltzmann equation
As stated in the Introduction, we consider granular test particles (tp) with mass m subjected to hard-sphere
elastic scattering against field particles ( f p) with mass mB of a given (non-uniform, in general) background, with a
Maxwellian distribution function f B = nBM B(v), where M B = M(v;mB,uB, T B) and M is a normalized Gaussian.
All (binary) (tp, f p) encounters with ingoing velocities (v,w) preserve thus momentum and kinetic energy, so that
post-collision velocities (v′,w′) are uniquely determined by the particles’ mass ratio and by the unit vector nˆ of the
apse line. More precisely, denoting by g the relative velocity v− w, and setting
α = m
B
m + mB (1)
with 0 < α < 1 (the singular limiting cases of Lorentz and Rayleigh gas are excluded), we have
v′ = v− 2α(g · nˆ)nˆ w′ = w+ 2(1− α)(g · nˆ)nˆ. (2)
The collision mechanism is reversible, the Jacobian of the transformation is unity, and (v′,w′) can be interpreted as
ingoing pair producing (v,w) after collision. Standard methods of kinetic theory [16] lead to expressing the rate of
change of (tp) in phase space due to collisions with the background as
JEL( f ) = 12n
B
(
d + dB
2
)2 ∫
R3
∫
S2
|g · nˆ|
[
f (v′)M B(w′)− f (v)M B(w)
]
d3wd2nˆ (3)
where f = f (x, v, t) is the test particle distribution function. Dependence on x and t is omitted for brevity where not
strictly necessary, but implicitly understood throughout. The linear integral operator JEL only actually involves the
kinetic variable v.
In addition, test particles undergo inelastic scattering between themselves. The collision mechanism is the standard
one, namely momentum is preserved but kinetic energy of relative motion is dissipated according to the rule
g∗ · nˆ = −e(g · nˆ) g∗ − (g∗ · nˆ)nˆ = g− (g · nˆ)nˆ (4)
where e is the restitution coefficient, with 0 < e < 1, supposed to be constant in this paper (elastic scattering
corresponds to e = 1). Post-collision values are now labelled by a star superscript. Again post-collision velocities are
uniquely determined by the apse line, and are easily seen to be
v∗ = v− (1− β)(g · nˆ)nˆ w∗ = w+ (1− β)(g · nˆ)nˆ, (5)
where we have introduced the inelasticity parameter
β = 1− e
2
(6)
with 0 < β < 12 , which measures the degree of dissipation (β = 0 corresponds to energy conservation). Now the
Jacobian of the transformation is not unity any more, and even the lengths of collision cylinders are different in the
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direct and inverse collision: in fact the pre-collision velocities associated with v and w turn out to be
v∗ = v− 1− β1− 2β (g · nˆ)nˆ w∗ = w+
1− β
1− 2β (g · nˆ)nˆ. (7)
Under the usual assumptions underlying the Boltzmann equation, the rate of change of (tp) in phase space due to
collisions between themselves can be cast as
JI N ( f, f ) = 12d
2
∫
R3
∫
S2
|g · nˆ|
[
1
e2
f (v∗) f (w∗)− f (v) f (w)
]
d3wd2nˆ. (8)
The inelastic kinetic equation to be dealt with reads then as
∂ f
∂t
+ v · ∇x f = JEL( f )+ JI N ( f, f ) (9)
and the dissipative integral operator JI N is quadratic in the unknown f .
We refer the interested reader to the quoted literature for the essential mathematical properties of the collision
operators JEL and JI N . It suffices to recall here that for JEL the space of collision invariants is one dimensional,
spanned by ϕ(v) = 1 (momentum and energy are actually exchanged with the background) and that there exists
a family of Lyapunov functionals predicting relaxation towards collision equilibria constituted by Maxwellian
distributions of the kind nM(v;m,uB, T B), thus at the same drift velocity and temperature as the background, with
only one free parameter, the density n. As regards JI N , it admits the collision invariants ϕ = 1 and ϕ = v (it would
preserve also momentum), but the production rate of energy by collisions is negative, and it would drive granular
temperature to zero.
As usual, it is convenient to introduce suitable scalings and to make (9) dimensionless. Assuming the Strouhal
number of order unity, and measuring distances in units of a characteristic length L , if n¯B and n¯ denote typical values
of background and granular density, manipulations single out in a spontaneous way the mean free paths corresponding
to the two considered scattering processes
λB =
[
n¯Bpi
(
d + dB
2
)2]−1
, λ =
(
n¯pid2
)−1
(10)
and their ratios to the macroscopic length L , the so called Knudsen numbers [16]. It is implicit in the definition itself
of background medium that we have necessarily n¯  n¯B , and then (except for the quite unphysical case dB  d)
the ratios λB/λ and n¯/n¯B are of the same order of magnitude and both very small. This simply reflects the obvious
physical fact that collisions with the background are much more frequent than collisions with another (tp). Now of
course different scalings may be devised. We shall adopt in this paper the one which seems most consistent from a
physical point of view, namely we assume that the dominant role in the process is played by JEL (describing (tp, f p)
collisions), and that gradient and inelastic operators (describing free streaming and (tp, tp) collisions, respectively)
share the same level of importance. This implies that λ and L are of the same order, both much larger than λB .
Therefore we shall choose L = λ and introduce the small parameter
ε = λ
B
λ
= λ
B
L
= (Kn)B  1 (11)
as a label of the considered collision dominated regime. If the same dimensional symbol is retained for all scaled
quantities, the kinetic equation may be rewritten as
∂ f
∂t
+ v · ∇x f = 1
ε
QEL( f )+ Q I N ( f, f ) (12)
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with
QEL( f ) = n
B
2pi
∫
R3
∫
S2
|g · nˆ|
[
f (v′)M B(w′)− f (v)M B(w)
]
d3wd2nˆ
Q I N ( f, f ) = 12pi
∫
R3
∫
S2
|g · nˆ|
[
1
e2
f (v∗) f (w∗)− f (v) f (w)
]
d3wd2nˆ
(13)
and
M B(v) =
(
mB
2piT B
) 3
2
exp
[
− m
B
2T B
(v− uB)2
]
. (14)
The macroscopic parameters nB , uB , T B fulfil the classical Euler equations in thermodynamical equilibrium [16]
∂nB
∂t
+ ∂(n
BuBk )
∂xk
= 0
∂uBi
∂t
+ uBk
∂uBi
∂xk
= − 1
nBmB
∂(nBT B)
∂xi
∂T B
∂t
+ uBk
∂T B
∂xk
= −2
3
T B
∂uBk
∂xk
.
(15)
Notice that in this dimensionless frame n and nB must be considered of the same order. Notice also that the dominant
operator QEL is pushing the distribution function towards the Maxwellian shape
MEL(v) =
( m
2piT B
) 3
2
exp
[
− m
2T B
(v− uB)2
]
, (16)
which is approached after a fast initial transient, and apart from boundary layers, both of order ε, so that in the
hydrodynamic evolution taking place in such a bulk region the distribution function is not far from the shape (16) [16].
The most convenient tool of investigation is the weak form associated with (12). Taking any smooth test function
ϕ(v), if 〈·, ·〉 denotes the usual dual product with respect to the kinetic variable v, under standard smoothness
assumptions we may write
∂
∂t
〈ϕ, f 〉 + ∇x · 〈vϕ, f 〉 = 1
ε
〈ϕ, QEL( f )〉 + 〈ϕ, Q I N ( f, f )〉 (17)
with
〈ϕ, QEL( f )〉 = n
B
2pi
∫
R3
∫
R3
∫
S2
|g · nˆ| f (v)M B(w) [ϕ(v′)− ϕ(v)] d3vd3wd2nˆ
〈ϕ, Q I N ( f, f )〉 = 12pi
∫
R3
∫
R3
∫
S2
|g · nˆ| f (v) f (w) [ϕ(v∗)− ϕ(v)] d3vd3wd2nˆ, (18)
where the effects of collisions are accounted for only by the test function evaluated at the post-collision velocity, either
v′ or v∗. It is easy to see that ϕ(v) = 1 is collision invariant for the whole collision operator, and then obviously n is
a conserved quantity. Moreover, macroscopic fields which we are interested in are simply amenable to the first power
moments of f , namely
n = 〈1, f 〉 =
∫
R3
f (v)d3v
nu = 〈v, f 〉 =
∫
R3
v f (v)d3v
n
(
u2 + 3T
m
)
= 〈v2, f 〉 =
∫
R3
v2 f (v)d3v,
(19)
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hence transport equations for the first five moments of the distribution function are nothing but the specialization
of (17) to ϕ = 1, v, v2. Unfortunately, power moments of QEL and Q I N are not amenable to the corresponding
moments of f , as would occur for Maxwellian models [16,7], and not even to higher order moments. However,
differences in the square brackets of (18) exhibit simple dependencies on the unit vector nˆ, so that the required
angular integrations may be performed explicitly as∫
S2
|g · nˆ|(g · nˆ)2d2nˆ = pig3∫
S2
|g · nˆ|(g · nˆ)nˆd2nˆ = pigg,
(20)
where g = |g|. By putting together all results, the macroscopic exact (non-closed) equations for the first five moments
may be cast, in indicial notation, as
∂n
∂t
+ ∂
∂xk
(nuk) = 0,
∂
∂t
(nui )+ ∂
∂xk
(
nukui + Pkim
)
= −n
B
ε
α
∫
R3
∫
R3
ggi f (v)M B(w)d3vd3w, i = 1, 2, 3
∂
∂t
(
nu2 + 3nT
m
)
+ ∂
∂xk
[
uk
(
nu2 + 3nT
m
)
+ 2
m
Pk ju j + 2mqk
]
= −n
B
ε
2α
[∫
R3
∫
R3
ggivi f (v)M B(w)d3vd3w− α
∫
R3
∫
R3
g3 f (v)M B(w)d3vd3w
]
− (1− β)
[∫
R3
∫
R3
ggivi f (v) f (w)d3vd3w− 1− β2
∫
R3
∫
R3
g3 f (v) f (w)d3vd3w
]
, (21)
where P is the pressure tensor, and q the heat flux. As anticipated, only the first, the continuity equation, represents
a conservation law, and the complete set is not closed because of the presence of viscous stress pi j = Pi j − nT δi j
and heat flux qi in the streaming terms, and because of the collision integrals on the right hand sides. For future
convenience, macroscopic equations (21) can be rewritten in convective form, by taking into account in each equation
the ones relevant to lower moments, in order to single out exactly the time derivatives of n, u, T
∂n
∂t
+ ∂
∂xk
(nuk) = 0,
n
∂ui
∂t
+ nuk ∂ui
∂xk
+ 1
m
∂nT
∂xi
+ 1
m
∂pi j
∂xj
= −n
B
ε
α
∫
R3
∫
R3
ggi f (v)M B(w)d3vd3w,
n
∂T
∂t
+ nuk ∂T
∂xk
+ 2
3
nT
∂uk
∂xk
+ 2
3
phk
∂uh
∂xk
+ 2
3
∂qk
∂xk
= −n
B
ε
α
2m
3
{∫
R3
∫
R3
ggi (vi − ui ) f (v)M B(w)d3vd3w− α
∫
R3
∫
R3
g3 f (v)M B(w)d3vd3w
}
−β(1− β)m
6
∫
R3
∫
R3
g3 f (v) f (w)d3vd3w. (22)
The three collision integrals affected by the parameter α describe exchange of momentum and energy with the
background, whereas a contribution affected by the parameter β appears as expected only in the balance equation
for energy, with a dissipation which attains its maximum in the limit β → 1/2 and disappears in the opposite limit
β → 0.
In the next sections we shall deal with the closure problem and the asymptotic limit for the moment equations (22)
in the frame of the considered collision dominated regime.
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3. Polynomial approximation
As typical in kinetic theory [18,16], since we know that in our regime and in the evolution in which we are
interested the actual unknown distribution function is close to a Maxwellian with a shape (16), we approximate f by
a polynomial expansion around that Maxwellian, truncated after an appropriate number of terms. If the polynomial
basis is suitably chosen, it is immediately realized that expansion coefficients are power moments of the distribution
function. The famous Grad 13-moment method is an expansion in Hermite polynomials involving the 13 moments
appearing in the conservation equations of gas dynamics. Here we are concerned more simply with a five field closure
and will consider then an approximation of the type
f˜ (v) = MEL(v)
(
A + B · v+ Cv2
)
, (23)
where coefficients A, B, C are determined by the requirement that f˜ shares with f the actual fundamental moments
n, u, T . Their calculation is a matter of some algebra, and the final result reads as
f˜ (v) = nMEL(v)
{
1+ m
T B
(u− uB) · (v− uB)
+ m
3T B
[
(u− uB)2 + 3(T − T
B)
m
] [
m
2T B
(v− uB)2 − 3
2
]}
. (24)
Like Grad’s distribution function, this approximation does not fulfil positivity, but correction terms are small in the
considered hydrodynamic regime, since u and T are close to uB and T B .
As regards streaming contributions in (22), higher order moments can be computed by using (24) in their definitions
P = m
∫
R3
(v− u)⊗ (v− u) f (v)d3v, q = 12m
∫
R3
(v− u)2(v− u) f (v)d3v. (25)
The relevant integrations, involving isotropic Gaussians and powers of components of the vector integration variables,
may be performed explicitly, and after some algebra one ends up with
Pi j = nT δi j − mn
[
(ui − uBi )(u j − uBj )−
1
3
δi j (u− uB)2
]
qi = n(ui − uBi )
[
1
6
m(u− uB)2 − 5
2
(T − T B)
]
.
(26)
For the elastic collision contributions in (22), we have to evaluate three integrals of the form
nB
∫
R3
∫
R3
Φ(g,G) f˜ (v)M B(w)d3vd3w (27)
with G = (1 − α)v + αw denoting centre of mass velocity. It proves convenient shifting first both v and w by uB ,
and then resorting to the one-to-one relationship between (v,w) and (G, g), with d3vd3w = d3Gd3g. This allows us
to cast the integral (27) in the form
nnB
(2piT B)3
(
mmB
)3/2 ∫
R3
∫
R3
Φ˜(g,G) exp
[
− m
2T B
1
1− αG
2
]
exp
[
− m
2T B
αg2
]
×
{
1+ m
T B
(u− uB) · [G+ αg] +
[
m(u− uB)2 + 3(T − T B)
] [ m
6(T B)2
[G+ αg]2 − 1
2T B
]}
d3Gd3g
(28)
where the weights Φ˜ have become ggi , g3, and ggi [Gi + αgi − (ui − uBi )] respectively. The remaining integrations
are again integrals of isotropic Gaussians times powers of the components of the integration vectors, and can all be
cast in closed analytical form. A lengthy but straightforward algebra leads to expressions
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nB
∫
R3
∫
R3
ggi f˜ (v)M B(w)d3vd3w = 1√
α
8
3
nnB
√
2T B
mpi
(ui − uBi ),
nB
∫
R3
∫
R3
g3 f˜ (v)M B(w)d3vd3w =
(
1
α
)3/2 4
m
nnB
√
2T B
mpi
{
2T B + α[m(u− uB)2 + 3(T − T B)]
}
,
nB
∫
R3
∫
R3
gg · (v− u) f˜ (v)M B(w)d3vd3w =
√
1
α
8
m
nnB
√
2T B
mpi
{
T + 1
6
α[m(u− uB)2 + 3(T − T B)]
}
,
(29)
in terms of the unknown fields of interest n, u, T .
Finally, the inelastic contribution in (22) can be handled in a similar manner through the same steps, taking
care of the product of two quadratic polynomials which implies the appearance of higher powers of velocities and
temperatures and of higher order Gaussian integrals. More specifically, one is left with the task of computing six types
of integrals, all of the form∫
R3
∫
R3
Ψ(g,G) exp
[
− m
T B
G2
]
exp
[
− m
4T B
g2
]
d3Gd3g (30)
(where now G = 12v+ 12w), for the following scalar, vector or tensor specializations of the weight Ψ :
Ψ = g3, Ψ = g3
(
G+ 1
2
g
)
, Ψ = g3
(
G2 +G · g+ 1
4
g2
)
,
Ψ = g3
(
G+ 1
2
g
)
⊗
(
G− 1
2
g
)
, Ψ = g3
(
G+ 1
2
g
)2 (
G− 1
2
g
)
,
Ψ = g3
(
G+ 1
2
g
)2 (
G− 1
2
g
)2
.
All integrals are therefore amenable again to Euler gamma functions, and a patient and careful algebra shows that
β(1− β)m
6
∫
R3
∫
R3
g3 f˜ (v) f˜ (w)d3vd3w
= 1
3
n2
β(1− β)√
mpiT B
[
m2
3
(u− uB)4 + 2m(u− uB)2(T − T B)+ 3T 2 + 18T BT − 5(T B)2
]
. (31)
In conclusion, by inserting (26), (29) and (31) into the macroscopic equations (22) we obtain the following closed
set of five evolution equations for the chosen five unknown fields
∂n
∂t
+ ∂
∂xk
(nuk) = 0,
n
∂ui
∂t
+ nuk ∂ui
∂xk
+ 1
m
∂
∂xi
(nT )+ 1
3
∂
∂xi
[
n(u− uB)2
]
− ∂
∂xk
[
n(ui − uBi )(uk − uBk )
]
= −1
ε
√
α
8
3
nnB
√
2T B
mpi
(ui − uBi ), i = 1, 2, 3
n
∂T
∂t
+ nuk ∂T
∂xk
+ 2
3
nT
∂uk
∂xk
+ 2
9
nm(u− uB)2 ∂uk
∂xk
− 2
3
nm(uh − uBh )(uk − uBk )
∂uh
∂xk
+ 1
9
m
∂
∂xk
[
n(uk − uBk )(u− uB)2
]
− 5
3
∂
∂xk
[
n(uk − uBk )(T − T B)
]
= −1
ε
√
α
16
3
nnB
√
2T B
mpi
{
(1− α)(T − T B)− 1
3
αm(u− uB)2
}
− 1
3
n2
β(1− β)√
mpiT B
[
m2
3
(u− uB)4 + 2m(u− uB)2(T − T B)+ 3T 2 + 18T BT − 5(T B)2
]
. (32)
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These equations are the counterpart for the present linearly driven and inelastic problem of classical Grad’s equations
of gas dynamics [18]. In that case viscous stress and heat flux are non-hydrodynamic variables considered in addition
to the conserved quantities n, u, T , whereas here u and T play the role of non-hydrodynamic variables and only n is
conserved. Both sets of equations retain, by their own nature, collision contributions, and consequently also the small
parameter ε. It is interesting to search for “collision equilibria” relevant to Eq. (32). They would play the role of “local
Maxwellians” for the present approximate evolution problem, in which the actual distribution function is replaced by
the five-dimensional vector of its moments n, u, T . In classical gas dynamics, local Maxwellians for Grad’s equations
are obviously pi j = 0 and qi = 0. Here, the first of (32) is a conservation equation and the second yields at once
u = uB . Using this result in the right hand side of the third yields the quadratic equation for the ratio T/T B
3
16
γ ε
(
T
T B
)2
+
(
1+ 9
8
γ ε
)
T
T B
−
(
1+ 5
16
γ ε
)
= 0, (33)
where
γ = β(1− β)√
2α(1− α)
n
nB
. (34)
Discarding the unphysical negative root for T , collision equilibrium is defined by
u] = uB, T
]
T B
= 1
γ ε

[(
8
3
+ 3γ ε
)2
+ 16
3
γ ε
(
1+ 5
16
γ ε
)] 12
−
(
8
3
+ 3γ ε
) , (35)
with of course T ] < T B , and T ] → T B for ε → 0, as well as for β → 0. More precisely, the asymptotic
representation is easily found to be
T ]
T B
= 1− γ ε + 3
2
γ 2ε2 + O(ε3). (36)
The values (35) would be actual equilibria for the granular gas in space homogeneous conditions and for a stationary
background.
A nice feature of Grad’s equations of gas dynamics is that they lend themselves to an asymptotic analysis of
the Chapman–Enskog type with respect to the small parameter ε, leading in a very simple way to the classical
Navier–Stokes equations of fluid-dynamics [19]. We can repeat the same algorithm here, in order to achieve
constitutive equations for the non-conserved quantities u and T and deduce a self-consistent equation for the granular
density n. To this end, we keep n unexpanded and consider first order expansions for u and T
u = u0 + εu1, T = T 0 + εT 1. (37)
We have to close the continuity equation
∂n
∂t
+ ∂
∂xk
(nu0k)+ ε
∂
∂xk
(nu1k) = 0. (38)
From the evolution equation for u, the leading order (O(ε−1)) terms provide the equality
−√α 8
3
nnB
√
2T B
mpi
(u0i − uBi ) = 0 ∀i, (39)
hence
u0 = uB . (40)
Then, equating the coefficients of the power ε0 we get
u1i = −
1√
α
3
8nnB
√
mpi
2T B
[
n
∂uBi
∂t
+ nuBk
∂uBi
∂xk
+ 1
m
∂
∂xi
(nT 0)
]
∀i, (41)
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so that we need to consider also the evolution equation for temperature. Leading terms (O(ε−1)) give
−√α(1− α)16
3
nnB
√
2T B
mpi
(T 0 − T B) = 0, (42)
that yields immediately
T 0 = T B . (43)
To complete our knowledge of the macroscopic fields in the frame of this hydrodynamic limit, we may proceed one
step further in the temperature equation and get from the O(ε0) terms
n
∂T B
∂t
+ nuBk
∂T B
∂xk
+ 2
3
nT B
∂uBk
∂xk
= −16
3
nnB(1− α)
√
2αT B
mpi
T 1 − 16
3
β(1− β)n2
√
T B
mpi
T B, (44)
where the left hand side vanishes because of Euler equation (15) for the host medium, so that one has
T 1 = − β(1− β)√
2α(1− α)
n
nB
T B . (45)
On using (43) into (41) and resorting again to Eq. (15), the sought constitutive equation for the velocity field turns out
to be
u = uB − ε 1√
α
3
8nB
√
mpi
2T B
[
1
nm
∇x(nT B)− 1nBmB ∇x(n
BT B)
]
, (46)
and by inserting this expression into the continuity equation we end up with the hydrodynamic equation at the
Navier–Stokes level for the number density of granular test particles
∂n
∂t
+∇x · (nuB) = ε 38
√
mpi
2
∇x ·
{
1
nB
√
T Bα
[
1
m
∇x(nT B)− nnBmB ∇x(n
BT B)
]}
. (47)
This is a drift-diffusion equation, with a convective term determined by the background velocity uB , and a diffusive
part depending on the background temperature T B (not constant, in general) and involving second order space
derivatives of n itself. The constitutive equation for temperature is, from (43), (45) and (34)
T = T B(1− γ ε), (48)
meaning that, in this evolution, T adjusts itself, to O(ε) accuracy, to the local collision equilibrium (36). Notice that
in our scaling this is the only correction with respect to the background fields affected by the inelasticity parameter β.
In the particular case of spatially homogeneous background, we may take nB = 1 by adimensionalization, and (47)
simplifies to
∂n
∂t
+ uB · ∇xn = ε 38
√
pi
2m
√
T B
α
∇2xn (49)
with an O(ε) diffusion coefficient proportional to the square root of T B and to the inverse square root of the reduced
mass mmB/(m + mB).
As usual, and as it is easy to check, Euler equations correspond to the limiting case ε = 0 of the above Eqs.
(46)–(48), and yield trivially pure advection at the drift velocity uB .
4. Local Maxwellian approximation
Another typical approximation of kinetic theory consists in replacing the actual distribution function by a local
Maxwellian, namely by a Gaussian sharing with f the exact moments n, u, T
f¯ (v) = n
( m
2piT
) 3
2
exp
[
− m
2T
(v− u)2
]
. (50)
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Indeed, this is the simplest possible closure in gas dynamics [20], even too simple there, since it leads only to the
pertinent Euler equations. But this is not the case in the present (linear, to great extent) frame, where it remains a
reasonable approximation of the equilibrium shape MEL , since u and T are close to uB and T B , and presents, with
respect to approximation (24), the advantage of preserving positivity. It is certainly worth studying both of them and
comparing the relevant results. On the other hand, it is known that the dominant operator JEL has a whole family of
possible entropies, and it is easy to check (see for instance [14]), that the approximations (24) and (50) correspond
to the application of the Maximum Entropy Principle [20,17] to two such entropies, quadratic and logarithmic,
respectively [14].
In closing the exact moment equations (22), the form (50) makes viscous stress and heat flux vanish, so that (26) is
simply replaced by
Pi j = nT δi j , qi = 0. (51)
For the elastic scattering contributions
nB
∫
R3
∫
R3
Φ(g,G) f¯ (v)M B(w)d3vd3w (52)
we run instead into additional technical difficulties due to different shifts of the two integration variables in the
quadratic exponentials. However, skipping details for brevity, integrals (52) may be reduced to the form
nnB
(2pi)3
[
αm
(1− α)T B + αT
]3/2 ∫
R3
∫
R3
Φ˜(g, s) exp
(
−1
2
s2
)
× exp
[
−1
2
αm
(1− α)T B + αT (g+ u
B − u)2
]
d3gd3s (53)
where the weights to be considered are Φ˜(g, s) = ggi , g3, and
gg ·
{
1
a
s+ b
a
[
g− (u− uB)
]}
with
a =
√
mT B + mBT
T T B
and b = m
B
T B
√
T T B
mT B + mBT .
Now integrals involve powers and shifted Gaussians, amenable to∫
R3
xxi exp
[
−δ(x+ c)2
]
d3x = −8pi3δ ci
(
1
δ
+ 1
5
c2
)
∫
R3
x3 exp
[
−δ(x+ c)2
]
d3x = 2pi5δ
(
c4 + 10
δ
c2 + 10
δ2
)
,
(54)
with δ > 0, and after some algebra all integrals are made explicit as
nB
∫
R3
∫
R3
ggi f¯ (v)M B(w)d3vd3w
= nnB 4
3
√
2
pi
√
αm
(1− α)T B + αT
[
2
(1− α)T B + αT
αm
+ 1
5
(u− uB)2
]
(ui − uBi ),
nB
∫
R3
∫
R3
g3 f¯ (v)M B(w)d3vd3w = nnB 15
√
2
pi
√
αm
(1− α)T B + αT
×
{
(u− uB)4 + 20 (1− α)T
B + αT
αm
(u− uB)2 + 40
[
(1− α)T B + αT
αm
]2}
,
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nB
∫
R3
∫
R3
gg · (v− u) f¯ (v)M B(w)d3vd3w = nnB
√
2αm
pi
αT[
(1− α)T B + αT ]3/2
×
{
− 1
15
(u− uB)4 + 4
3
(1− α)T B + αT
αm
(u− uB)2 + 8
[
(1− α)T B + αT
αm
]2}
. (55)
Much easier to compute is the inelastic integral contribution, which becomes
β(1− β)m
6
∫
R3
∫
R3
g3 f¯ (v) f¯ (w)d3vd3w = 16
3
√
pi
mn2β(1− β)
(
T
m
) 3
2
. (56)
Collecting all previous results, the closed set of evolution equations for the five fields n, u, T reads as
∂n
∂t
+ ∂
∂xk
(nuk) = 0,
n
∂ui
∂t
+ nuk ∂ui
∂xk
+ 1
m
∂
∂xi
(nT ) = −α
ε
4
3
nnB
√
2
pi
√
αm
(1− α)T B + αT
×
[
1
5
(u− uB)2 + 2 (1− α)T
B + αT
αm
]
(ui − uBi ), i = 1, 2, 3
n
∂T
∂t
+ nuk ∂T
∂xk
+ 2
3
nT
∂uk
∂xk
= α
ε
2
3
mnnB
√
2
pi
√
αm
(1− α)T B + αT
×
{
1
5
[
α + 1
3
αT
(1− α)T B + αT
]
(u− uB)4 + 4 (1− α)T
B + αT
αm
[
α − 1
3
αT
(1− α)T B + αT
]
× (u− uB)2 + 8
[
(1− α)T B + αT
αm
]2 [
α − αT
(1− α)T B + αT
]}
− 16
3
√
pi
mn2β(1− β)
(
T
m
) 3
2
.
(57)
A detailed comparison of the sets (32) and (57), and especially of the relevant numerical results, is scheduled as future
work. Here we shall study the same aspects that were considered in the previous section for (32) and try to draw some
conclusions. As concerns “collision equilibria”, the second of (57) yields at once u] = uB , which, substituted into the
third, leads to[
(1− α)T B + αT
] 1
2
(T B − T ) = γ εT 32 , (58)
where γ is given by (34), indicating that T must be smaller than T B . This is amenable to a cubic equation for
x = T/T B , and we look for a power series solution of the form x = x0 + εx1 + ε2x2 + · · ·. Ordering in powers of ε,
we get to leading order
[(1− α)+ αx0] (1− x0)2 = 0,
with a (double) root x0 = 1, and a negative one to be discarded. Proceeding step by step with increasing powers of ε,
the next order equation is an identity, and the following one, x21 − γ 2 = 0, yields necessarily x1 = −γ . The next step
provides x2 =
(
3
2 − 12α
)
γ 2, so that the solution to (58) may be cast as
T ]
T B
= 1− γ ε +
(
3
2
− 1
2
α
)
γ 2ε2 + O(ε3). (59)
Comparing this local equilibrium to (36) we observe the expected and consistent coincidence to O(ε) accuracy,
whereas O(ε2) corrections show different factors ( 32 and
3
2 − 12α), though showing the same dependence on the
fields n and nB and on the parameters α and β through the quantity γ . As concerns the hydrodynamic limit via a
Chapman–Enskog expansion, (37) and (38) are still in order. The presence of fractional powers of T in the right hand
sides of (57) now requires some care and efforts in performing the asymptotic expansions. However, leading order
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terms in the momentum equation provide again u0 = uB , and, to next order,
u1i = −
1
α
3
8nnB
√
pi
2
√
αm
(1− α)T B + αT 0
[
n
∂uBi
∂t
+ nuBk
∂uBi
∂xk
+ 1
m
∂
∂xi
(nT 0)
]
. (60)
The temperature equation to leading order reads instead as
α2
16
3
nnBm
√
2
pi
[
(1− α)T B + αT 0
αm
] 3
2
[
1− T
0
(1− α)T B + αT 0
]
= 0 (61)
from which immediately T 0 = T B . By inserting this result into (60) and recalling the Euler equations (15) for the
host medium, we get finally for the drift velocity u the same constitutive equation (46) of the previous approach.
Consequently, the present fluid-dynamic equation at the Navier–Stokes level for the number density n coincides
with (47). To complete the picture, we may proceed one step further also in the temperature equation, and a little
algebra, also bearing (15) in mind, shows that even (45) for the first correction T 1 is recovered exactly. Thus,
hydrodynamic limits to O(ε) accuracy coincide in the two considered approximations. Again, this is consistent
with the considered physical regime and closure strategy, and it is not surprising in view of the fact that the
Chapman–Enskog algorithm could be applied directly starting from the kinetic level.
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